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Covering a Set of Points with a Minimum Number of Lines
Magdalene Grantson

Abstract
We consider the minimum line covering problem:
given a set S of n points in the plane, we want to
find the smallest number l of straight lines needed to
cover all n points in S. We show that this problem
can be solved in O(n log l) time if l ∈ O(log1− n),
and that this is optimal in the algebraic computation
tree model (we show that the Ω(n
√ log l) lower bound
holds for all values of l up to O( n)). Furthermore,
a O(log l)-factor approximation can be found
√ within
the same O(n log l) time bound if l ∈ O( 4 n). For
the case when l ∈ Ω(log n) we suggest how to improve the time complexity of the exact algorithm by
a factor exponential in l.
1

Introduction

We consider the minimum line covering problem:
given a set S of n points in the plane, we want to
find the smallest number l of straight lines needed to
cover all n points in S. The corresponding decision
problem is: given a set S of n points in the plane and
an integer k, we want to know whether it is possible to
find k (or fewer) straight lines that cover all n points
in S.
Langerman and Morin [7] showed that the decision
problem can be solved in O(nk + k 2(k+1) ) time. In
this paper we show that the decision problem can be
solved in O(n log k + (k/2.2)2k ) time.
Kumar et al. [6] showed that the minimum line covering problem is APX-hard. That is, unless P = N P ,
there does not exist a (1 + )-approximation algorithm. In their paper they pointed out that the greedy
algorithm proposed by Johnson [5], which approximates the set covering problem within a factor of
O(log n), is the best known approximation for the
minimum line covering problem. In this paper we
show that a O(log l)-factor approximation for the minimum line covering problem can be obtained in time
O(n log l + l4 log l).
We also present an algorithm that solves the line
covering problem exactly in O(n log l+(l/2.2)2l) time.
This simplifies to O(n log l) if l ∈ O(log1− n), and we
show that this is optimal in the algebraic computation
tree model. That is, we show that the Ω(n
√ log l) lower
bound holds for all values of l up to O( n). We also
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suggest more asymptotic improvements for our exact
algorithms when l ∈ Ω(log n).
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Preliminaries

Lemma 1 Any set S of n points in the plane can be
covered with at most d n2 e straight lines.
Proof. A simple way to show this upper bound is to
pick two points at a time, to construct a line through
the pair, and then to remove the pair from the set.
For the special case when n is odd, we can draw an
arbitrary line through the last point. The time complexity of this algorithm is obviously O(n).

Lemma 2 If a set S of n points can be covered with k
lines (k minimal or not), then: for any subset R ⊆ S
of at least k + 1 collinear points (i.e., |R| ≥ k + 1
and ∀~r1 , ~r2 , ~r3 ∈ R : ~r1 6= ~r2 ⇒ ∃α ∈ IR : ~r3 =
α · (~r2 − ~r1 ) + ~r1 ), the line through them is in the set
of k covering lines.
Proof. Suppose the line through the points in R was
not among the k lines covering S. Then the points
in R must be covered with at least k + 1 lines, since
no two points in R can be covered with the same line.
(The only line covering more than one point in R is the
one through all of them, which is ruled out.) Hence
we need at least k + 1 lines to cover the points in
R. This contradicts the assumption that S can be
covered with k lines.

Lemma 3 If a set S of n points can be covered with
k lines (k minimal or not), then: any subset of S
containing at least k 2 + 1 points must contain at least
k + 1 collinear points.
Proof. Suppose there is a subset R ⊆ S containing
at least k 2 +1 points, but not containing k+1 collinear
points. Then each of the k covering lines must contain
at most k points in R. Hence with these at most k
covering lines, each containing at most k points, we
can cover at most k 2 points. Thus we cannot cover R
(nor any superset of R, like S) with the k lines. This
contradicts the assumption that S can be covered with
k lines.

Corollary 1 If in any subset of S containing at least
k 2 + 1 points we do not find k + 1 collinear points, we
can conclude that S cannot be covered with k lines.
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Lemma 4 If a set S of n points can be covered with
l lines, but not with l−1 lines (i.e., if l is the minimum
number of lines needed to cover S) and k ≥ l, then:
if we generate all lines containing more than k points,
the total number of uncovered points will be at most
l · k.
Proof. Let R be the set of uncovered points in S
after all lines containing more than k points have been
generated. Since S can be covered with l lines and
R ⊆ S, R can be covered with l (or fewer) lines. None
of the lines covering points in R can cover more than
k points in R (as all such lines have already been
generated). Hence there can be at most l · k points in
R.

3

General Procedure

Given a set S of n points in the plane, we already
know (because of Lemma 1) that the minimum number l of lines needed to cover S is in {1, . . . , d n2 e}.
In our algorithm, we first check whether l = 1, which
can obviously be decided in time linear in n. If the
check fails (i.e., if the points in S are not all collinear
and thus l ≥ 2), we try to increase the lower bound for
l by exploiting Lemmas 2 and 3, which (sometimes)
provide us with means of proving that the set S cannot be covered with a certain number k of lines. In
the first place, if for a given value of k we find a subset
R ⊆ S containing k 2 + 1 points, but not containing
k +1 collinear points, we can conclude that more than
k lines are needed to cover S (because of Corollary 1).
On the other hand, if we find k + 1 collinear points
(details of how this is done are given below), we record
the line through them (as it must be among the covering lines due to Lemma 2) and remove from S all
points covered by this line. This leads to a second
possible argument: If by repeatedly identifying lines
in this way (always choosing the next subset R from
the remaining points), we record k lines while there
are points left in S, we can also conclude that more
than k lines are needed to cover S.
We check different values of k in increasing order (the exact scheme is discussed below), until we
reach a value k1 , for which we fail to prove (with the
means mentioned above) that S cannot be covered
with k1 lines. On the other hand, we can demonstrate (in one of the two ways outlined above) that
S cannot be covered with k0 lines, where k0 is the
largest value smaller than k1 that was tested in the
procedure. At this point we know that l > k0 .
Suppose that when processing S with k = k1 , we
identified m1 lines, m1 ≤ k1 . We use a simple greedy
algorithm to find m2 lines covering the remaining
points. (Note that m2 may or may not be the minimum number of lines needed to cover the remaining
points. Note also that m2 = 0 if there are no points
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left to be covered.) As a consequence we know that
S can be covered with m1 + m2 lines (since we have
found such lines) and thus that k0 < l ≤ m1 + m2 .
We show in [3] that m1 + m2 ∈ O(l log l) and thus
that with the m1 + m2 lines we selected we obtained
an O(log l) approximation of the optimum.
In a second step we may then go on and determine
the exact value of l by drawing on the found approximation (See the full version of paper in [3] for details).
Our proposed approximate and exact algorithms to
solve the minimum line covering problem use the following two already known algorithms as subroutines:
1. An algorithm proposed by Guibas et al. [4],
which finds all lines containing at least k +
1 points in a set S of n points in time
n2
n
O k+1
.
log k+1
2. An algorithm proposed by Langerman and Morin
[7], which takes as input a set S of n points and an
integer k, and outputs whether S can be covered
with k lines in O(nk + k 2(k+1) ) time.
3.1

Approximation for Minimum Line Covering

Lemma 5 We can approximate the minimum line
covering problem within
a factor of O(log l) in
√
O(n log l) time if l ≤ 4 n.
Theorem 6 We can approximate the minimum line
covering problem within a factor of O(log l) in time
O(n log l + l4 log l).
Corollary 2 We can approximate the minimum line
covering problem within
√ a factor of O(log l) in
O(n log l) time if l ∈ O( 4 n).
See the full paper [3] for the proofs of the above
results.
3.2

Exact Minimum Line Covering

Theorem 7 The
minimum
line
covering
problem
can
be
solved
exactly
in
O(n log l + l2l+2 ) time.
In particular, if
l ∈ O(log1− n), the minimum line covering problem
can be solved in O(n log l) time.
Theorem 8 Given a set S of n points in the plane
and an integer k, we can answer whether it is possible
to find k lines that cover all the points in the set in
O(n log k + k 2k+2 ) time.
See the full paper [3] for the proofs for the above
Theorems.
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3.3

Producing the optimal set of lines

We also remark that after computing the optimal
number of lines l, we can also produce the actual
lines covering the input point set within the same
time bounds. One way is to first use the algorithm
proposed by Guibas et al. [4] to produce lines covering at least l + 1 points. Let l0 denote the number of
lines covering at least l+1 points and n0 the number of
points left to be covered. We observe that at least one
n0
of the remaining l − l0 lines cover at least l−l
0 points.
Let a line be called a candidate line if it covers at least
n0
l−l0 points. Let us now compute the first candidate
line: If n0 ≤ 2(l − l0 ) then any line covering at least
two points can be included in the optimal solution.
Otherwise, we tentatively (temporarily) remove the
points covered by it and call Langerman and Morin’s
algorithm [7] to see whether the remaining points can
be covered by l−l0 −1 lines. Clearly, the candidate can
be included in the optimal solution if and only if the
answer is yes. Let nr denote the remaning points to
be covered and ln denote the number of lines needed
to cover nr . We repeat the above algorithm and update nr and ln accordingly after each construction of
a candidate line.
To calculate the time bound we show that there
are at most 32 · (l − l0 )2 candidate lines. Any point
can be covered by no more than 23 · (l − l0 ) candidate
lines. (The factor 32 comes from the extreme case
0
when l − l0 = n3 , so that each candidate line covers
0
only three points and the point is covered by n 2−1 candidates.) Hence, if we sum for each point the number
of candidates it is covered by, we thus get an upper
bound of n0 · 32 (l − l0 ). But we observe that this sum
equals the sum we obtain by adding for each candidate
line the number of points it covers. Since each cann0
didate line covers at least l−l
0 points, the number of
n0
candidate lines cannot be larger than (n0 · 23 (l−l0 ))/ l−l
0
and hence not larger than 32 (l − l0 )2 . Therefore we
call Langerman and Morin’s algorithm [7] at most
3
0 2
2 (l − l ) times before we produce one more optimal
line. In subsequent calls to their algorithm, the number of optimal lines to be produced gets smaller and
hence the time complexity gets smaller each time by
at least a constant factor, since it is exponential in
the number of optimal lines. This results in a geometric progression of the time complexity. Therefore
the worst-case bound for the first call asymptotically
dominates all subsequent calls.
3.4

Improving the time bound when l ∈ Ω(log n)

Theorem 9 For any input set of n points, it can be
decided whether there is a set of lines of cardinality
at most k covering the n points in time O(n log k +
k
( 2.2194...
)2k ). Moreover, an optimal set of covering
lines with minimum cardinality l can be produced in

l
)2l )
time O(n log l + ( 2.2194...

Proof. See the full paper [3] of the proof.
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Lower Bound

In this section we give a lower bound on the time complexity for solving the minimum line cover problem.
We make the assumption that the minimum number
of lines
√ l needed to cover a set S of n points is at most
O( n). (For larger values of l our lower bound may
not be very interesting, since the best known upper
bounds on the time complexity of the minimum line
cover problem are exponential anyway.)
The main result we prove in this section is as follows:
Theorem 10 The
time
complexity
of
the
minimum
line
cover
problem
is
Ω(n log l) in the algebraic decision tree model of
computation.
We prove Theorem 10 with a reduction from a special
variant of the general set inclusion problem [1], which
we call the k-Array Inclusion problem. Set inclusion
is the problem of checking whether a set of m items
is a subset of the second set of n items with n ≥ m.
Ben-Or [1] showed a lower bound of Ω(n log n) for this
problem using the following important statement.
Statement 1 If YES instances of some problem Π
have N distinct connected components in <n , then the
depth of the real computation tree for this problem is
Ω(log N − n).
Applying Statement 1 to the complement of Π, we get
the same statement for NO instances. We define the
k-array inclusion problem as follows:
Definition 1 k-Array Inclusion Problem: Given
two arrays A[1 . . . k] of distinct real numbers and
B[1 . . . m] of (not necessarily distinct) real numbers,
k ≤ m, m + k = n, determine whether or not each
element in B[1 . . . m] belongs to A[1 . . . k].
Corollary 3 Any algebraic computation tree solving k-array inclusion problem must have a depth of
Ω(n log k).
Proof. This lower bound can be shown in a corresponding way as the lower bound for the set inclusion problem [1]. As already pointed out by Ben-Or,
any computational tree will correctly decide the case
when A[1 . . . k] = (1 . . . k). The number of disjoint
connected components, N , for YES instances of the
k-array inclusion problem is k m . This is because, in
order to create a YES instance, for each element mi
in B[1 . . . m], there are k choices concerning which of
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the k fixed elements in A[1 . . . k], mi could be equal to.
Since these choices are independent for each mi , the
total number of YES-instances becomes k m . Applying Statement 1, we get a lower bound of Ω(m log k),

which is also Ω(n log k), since m > n2 .
To establish the lower bound in Theorem 10 for the
minimum line cover problem, we convert (in linear
time) the input of the k-array inclusion problem into
a suitable input to the minimum line cover problem as
follows: Each real number ai , 1 ≤ i ≤ k, in the array
A[1 . . . k] becomes k points with coordinates (ai , j) (
in total we obtain k 2 points), 1 ≤ j ≤ k and each
real number bj in the array B[1 . . . m], 1 ≤ j ≤ m,
becomes a point with coordinates (bj , −j), all points
are in two dimensional space. None of the constructed
sets of n = k + m points coincide. If we use any algorithm for the minimum line cover problem to solve the
constructed instance, the output will be a set of lines
covering these points. To obtain an answer to the karray inclusion problem, we check whether the total
number of lines, denoted by l, obtained for the minimum line cover problem is greater than k. If l = k
then each element in B[1 . . . m] belongs to A[1 . . . k],
otherwise at least one element in B[1 . . . m] does not
belong to A[1 . . . k]. Since the k-array inclusion problem requires Ω(n log k) time, it follows that the minimum line cover problem requires Ω(n log k) time as
well.
According to this construction, if it would be possible to compute
√ the number l in o(n log l) time, for
some l = O( n), then it would also be possible to
solve the k-array inclusion problem in time o(n log k)
for the case when k = l, which would contradict our
lower bound for the k-array inclusion problem.
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