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Abstract

The paper shows a simple technique which saves some
edge tests in the walking algorithm for point loca-
tion. The walking technique does not achieve the log-
arithmic per point complexity of the location-data-
structure-based methods but does not need any aux-
iliary data structure and is very simple to implement,
therefore, it is very popular in practice. The suggested
idea did not bring a substantial improvement in our
tests but it is very simple and there is an open door
to further more substantial improvement in the future
research.

1 Introduction

Point location in a triangulation is a very frequent
task. Most effective solutions use hierarchical data
structures, such as a DAG [1], [5], a skip list [10], a
quadtree, buckets [9], a data structure with a random
sampling [7], [2] or a uniform grid [8], [11]. These
structures are very effective and bring a complexity
O(log n) per point where n is the total number of
points in the triangulation. However, their disad-
vantage is a memory consumption, which, although
linear in E2, still can bring a substantial limitation
to the program usefulness as the data sets processed
today are very huge. Also, implementation effort
for most of these data structures may be nontrivial.
Therefore, practical programmers turn very often to a
’pragmatic’ solution, represented by the walking type
of location algorithm, where the point is located by
traversing from one triangle to another according to
some kind of test of the point position against the tri-
angle boundaries. Such an approach is less effective,
bringing O(n1/3) up to O(n1/2) per one point loca-
tion but no extra location data structures are needed
and so no extra memory is consumed [4], [3], [6].

There are several walking algorithms, differing in
the strategy how to find the next triangle from the
current one, the most effective one seems to be the
so-called remembering stochastic walk. This paper
shows a very simple improvement of this walking al-
gorithm that may save about 8% of edge tests. Theo-

∗Department of Computer Science and Engineering,

University of West Bohemia, Pilsen, Czech Republic,

kolinger@kiv.zcu.cz

retical improvement could be up to 50% but we have
not been able to achieve this efficiency yet.

Section 2 explains the remembering stochastic walk
and the suggested improvement. Section 3 explains
experiments and results and section 4 concludes the
paper.

2 Remembering stochastic walk and the sug-

gested improvement

Walking strategy generally means that from some
starting triangle, we inspect the triangles one after an-
other, traveling over the edge into that triangle neigh-
bour which looks the best choice to approach the tri-
angle containing the query point q. The starting tri-
angle can be chosen in random, or it is the triangle vis-
ited most recently, or by brute force choice from a ran-
dom subset of triangles according to their distances
from the located point. The walking can traverse all
the triangles intersected by the line segment originat-
ing at a vertex of the starting triangle and ending at
the query point - this is the so-called straight walk. Or
the transfer can be divided into 2 axes, approaching
first in one and then in the other axis, so-called or-
thogonal walk. The visibility walk uses an orientation
test of the triangle edge and the query point, a bad
sign of the orientation test reveals which edge to cross
to continue the search. As the visibility walk can cy-
cle for a non-Delaunay triangulation, it can be more
properly implemented in a randomized version as the
stochastic walk - randomization means here that the
choice of the first triangle edge to be tested is random,
which prevents an infinite loop. The last modification
is the remembering stochastic walk which remembers
over which edge we came into the triangle. It does
not test this edge because we already know the result
of this test, after all. All these walking strategies and
their comparison in E2 and E3 can be found in [3].

The algorithm of remembering stochastic walk is
given in Alg.1 (adapted from [3]). For further ac-
celeration, it is good to combine the walking algo-
rithm with some preprocessing where a randomly se-
lected set of triangle vertices from the triangulation is
tested on distance to the query point and the small-
est distance from a vertex to the query point chooses
the starting triangle [6]. A proper size of this set is
O(n1/3) triangle vertices where n is the total number
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of vertices in the triangulation. Although the dis-
tance tests are expensive, still this technique brings
improvement both in the number of edge tests and in
the total runtime.

Remembering stochastic walk (t,q)

// traverses the triangulation T
// from the triangle t to the query point q
// using the remembering stochastic walk

begin
previous := t ; found := false;

while not found do
begin

e := random edge from t;
p := the vertex of t not contained in e;
nb := neighbour (t over e);

if (nb is not equal to previous) and
(q on the other side of e than p) then
begin

previous := t; t := nb
end

else
begin

e := next edge of t;
p := the vertex of t not contained in e;
nb := neighbour (t over e);

if (nb is not equal to previous) and
(q on the other side of e than p) then
begin

previous := t; t:=nb
end

else
begin

e := next edge of t;
p := the vertex of t not contained in e;
nb := neighbour (t over e);

if (nb is not equal to previous) and
(q on the other side of e than p) then

begin
previous := t;
t := nb

end
else found := true

end
end

end
end

// now t contains q

Remembering stochastic walk

Algorithm 1

An average number of edge tests per triangle is 1.5
because in each triangle (with the exception of the

first one), we either find a bad orientation at the first
attempt and go to the triangle sharing this edge, or
we have to test one more edge and the orientation
test either sends us further, or acknowledges that the
query point is inside this triangle. The starting trian-
gle may need one more test but this is not important
for the average value.

An improvement of this algorithm is straightfor-
ward: if we want to be better, we should test only
one edge per triangle. Is it possible? With the excep-
tion of the first and the last triangle, yes: we know
the result of test of the edge which led us to the cur-
rent triangle. If we test one more edge, we can either
get the result ’go to the neighbouring triangle shar-
ing this edge’, or the result ’do not go over this edge,
you should stay inside or go to the triangle over the
third triangle edge’. We cannot decide for sure be-
tween the 2 latter possibilities without one more test,
but the key point is that the answer ’stay inside’ is
valid for the last triangle only and is highly improba-
ble in comparison with the answer ’leave the triangle
over the non-tested edge’, as we usually test many tri-
angles before we come to the triangle containing the
query point. In this way, we can save as much as one
edge test per triangle.

Black point of this improvement is that with one
edge test per triangle, we are not able to recognize
that we are already in the triangle containing the
query point, and we could continue in the walking
for ever without recognizing the end. Therefore, we
can use the ’fast walking’ strategy only for some num-
ber of steps which we expect it is usually necessary to
approach the goal triangle, and then continue more
slowly by the remembering stochastic walk, until we
find the goal triangle.

This combined strategy would work perfectly if we
knew exactly how many steps the algorithm will need
to find the goal triangle but this is not the case. Ac-
cording to [6] and our experiments, the number of
visited triangles is O(n1/3) in average, so we can ex-
pect about this number of steps to get into the goal
triangle. Bad news is that dispersion of the number
of visited triangles per query point is very high, there-
fore, in many cases we stop the faster search too early
and in many cases too late, which increases the total
number of the tests. The whole algorithm which we
called fast walk is given as Alg.2 and results can be
seen in the next section.
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Fast walk (t,q)

// traverses the triangulation T
// from the triangle t to the query point q
// using fast walk
// nsteps is the number of steps for the fast walk,
// usually O(n1/3)
// where n is the number of vertices in the triangulation

begin
previous:= t;
for i := 1 to nsteps do

begin
e := random edge from t;
nb := neighbour (t over e);
while nb is equal to previous do

begin
e := next edge of t; nb:= neighbour (t over e);

end ;
p := the vertex of t not contained in e;

if (q on the same side of e as p) then
begin

e := next edge of t; nb := neighbour (t over e)
end;

previous:= t ; t :=nb
end

end

// we do not know whether t contains q,
// so we must continue by the remembering
// stochastic walk

Remembering stochastic walk (t, q);

// now t contains q

Fast walk

Algorithm 2

3 Experiments and results

We tested the program as a part of an incremental
insertion algorithm for the Delaunay triangulation,
programmed in Delphi, under MS Windows operating
system. In order to have results independent on the
platform, we measured the number of edge tests nec-
essary to construct the triangulation for up to 5 mil-
lion of points. We measured uniformly distributed
points, but also points in clusters and other types of
data. We show the uniform data as they provided the
average values. The suggested improvement is com-
pared to the remembering stochastic walk. Both algo-
rithms were programmed with the use of preprocess-
ing according to [6] as the version with preprocessing
is quicker and it tests fewer edges in all cases. Results
for the straight walk are not given as they were worse
than those of the remembering walk in all cases.

Figure 1 shows how many triangle tests are nec-
essary in the remembering stochastic walk for each

query point within the triangulation process. The av-
erage number of visited triangles can be approximated
by 2n1/3 to 2.15n1/3 for n = 1000 up to 5 million but
the dispersion is high, see an example in Fig.1. Due
to this dispersion, we used less fast walk steps than
would correspond to this function. (We should stress
that in the application for triangulation construction,
n is different for each inserted point and is equal to
the number of points already inserted into the tri-
angulation, not to the total number of points to be
inserted.)
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Figure 1: The number of checked triangles in the re-
membering walk during construction of the Delaunay
triangulation on 1000 points.

Table 1 shows comparison between the number of
tested edges in the remembering stochastic walk and
in the fast walk. We tested various functions derived
from O(n1/3) for derivation of the number of steps
for fast walk (nsteps in Alg.2). The best results of
the fast walk presented in this table were obtained by
the number of fast walk steps equal to 1.15n1/3. Im-
provement is much lower than expected, only about
8% of the edge tests. The reason for this smaller suc-
cess than hoped is the already mentioned dispersion
in the number of traversed edges: the expected num-
ber of triangles that can be fast walked varies so much
that a decrease in the number of tested edges is nearly
compensated by inspecting some triangles in vain be-
cause the goal triangle was not recognized in time; in
some cases the situation is the opposite, fast walk is
stopped too early. Unfortunately, there is no way how
to find the correct number of tests for the given case
in advance. Maybe there exists some simple, elegant
and brilliant idea how to get closer to the theoretical
bound 50% improvement but we have not come to it
yet.

4 Conclusion

The paper presents a fast walk, a simple modification
of the remembering stochastic walk algorithm for lo-
cating a point in a triangulation. The method is very
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simple and does not consume any extra memory for
data structure, improvement achieved in the tests is
not significant at present but the simplicity of the
idea may inspire further research to achieve a theoret-
ically possible 50% improvement against the original
remembering walk algorithm.

n Rem.st.wlak Fast walk Savings
104 469 462 445 097 5.47
5.104 4 028 040 3 759 661 7.14
105 10 084 883 9 372 859 7.60
5.105 85 496 066 79 068 466 8.13
106 214 296 506 197 641 298 8.43
5.106 1 816 818 470 1 670 737 631 8.74

Table 1: Number of edge tests for the remembering
stochastic walk and for the fast walk
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